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A study of linewidth, noise and fluctuations in a FEL operating
in SASE
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We study the evolution of the FEL radiation intensity and spectrum starting from noise in the electron beam longitudinal
distribution . Due to the slippage both the time and frequency structure of the emitted radiation pulse show a very different
behavior when the bunch length is much longer than or of the order of the cooperation length h . The occurrence of superradtant
spikes is discussed. We present analytical and numerical results .

1. Introduction

In this paper we study the evolution of the radiation
intensity and the spectral characteristics of a high gain
Free Electron Laser (FEL) operating in the Self-
Amplified Spontaneous Emission (SASE) mode [1], i .e .
starting from noise in the initial electron beam longitu-
dinal density distribution . This problem is important
for the development of XUV FELs, such as the Soft
X-Ray FEL proposed recently by a SLAC-UCLA-
LBL-LLNL collaboration [2] . In fact this evolution
determines the undulator length needed to reach satu-
ration, and also the characteristic spectral width, inten-
sity and intensity fluctuations . These are important
parameters, determining the possibility of using the
FEL in a new wavelength region, for experiments such
as single shot X-ray imaging of biological samples.

The FEL startup from noise has been studied be-
fore [3-6] either neglecting slippage or in the limit of
infinitely long bunches. Here we generalize the one
dimensional theory to include "short" and "long"
bunches effects, introducing as the important parame-
ter the bunch length measured in units of the coopera-
tion length, lc .

The problem is studied analytically and numerically .
In section 2 we present the analytical model, describing
the system in the exponential growth regime . In section
3 we use a numerical simulation model to compare
with the analytical model and extend its results to the
saturation regime . In the numerical code the beam
noise is introduced assigning a random Gaussian distri-
bution to the initial longitudinal electron position [7] .
In section 4 we discuss the shot to shot fluctuations in
the emitted power and saturation length .
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The problem under study is characterized by the
existence of several characteristics scale lengths: the
electron bunch length, the gain length and the cooper-
ation length . An important parameter determining the
evolution of the system is the ratio of the bunch length
to the cooperation length . When this ratio is larger
than 2-rr - long bunch case - we recover the results of
the previous authors for the undulator saturation length
and line width, and we also have new results : the
evaluation of the saturation length fluctuations and the
intensity fluctuations, as well as the study of the tem-
poral and frequency structure of the FEL radiation
pulse. In particular we show that although the line
width at saturation is of the order of the FEL parame-
ter, p, or the inverse of the number of undulator
periods [3,5] the radiation pulse contains many spikes,
each one having a duration corresponding to about
2 ,rrl,, and with large intensity fluctuations . If the ratio
of the bunch length to the cooperation length is smaller
than 2 ,r - short bunch case - the saturation length
tends to be somewhat longer than in the long bunch
case . One single radiation pulse is present in this case,
with no inner spikes . The fluctuation levels are much
larger than in the long bunch case . In both cases one
can observe superradiant behavior for sufficiently long
undulators .

2. Analytical model

We consider here the one dimensional linear model
in the universal scaling of ref. [8] :

aA aA
-+- =b+i6A ; =iA .

a 2b
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In these equations

	

2 =z/1g ,

	

z, = -c(t -z/D~1)llo,
where z is the coordinate along the undulator axis, 2,
is the scaled position along the bunch, u, 1 is the elec-
tron velocity in the z direction, and l g = Aw/41rp and
le =A/47rp are the gain length and the cooperation
length, respectively . The other quantities are : Aw , wig-
gler period ; A = 27r/k, radiation wavelength; A =
(Eo/(4Trmc 2 yon ep)1 /2) exp(i5z), dimensionless field
amplitude, with mc2yo , average initial electron energy,
n e =I/eco, , beam density, I, electron current, o-, beam
cross section ; S = (yo - yT)/Pyo, detuning parameter ;
y, _ ((1 + aW)kl2kW)1/2, resonant energy ; b =
N;'ENA, exp(-iO), bunching parameter, with 0,_
(kw + k)z - ckt, - 8z, electron phase and N,� number
of electrons within a longitudinal distance equal to A ;
p = (llyo)(awwP/4ckw )2i3 , fundamental FEL param-
eter [1], with w P = (41Te2n e/m) 1/2, plasma frequency
and aw =eBw/mc'kw , wiggler parameter . Eqs. (1) have
been obtained linearizing the FEL equations in the
Compton regime [1], around the equilibrium condition
with no field, unbunched and monoenergetic electron
beam, and describe the exponential growth of the
signal in the high-gain regime before the saturation
takes place .
We solve the system with the proper boundary

conditions to describe both the onset of the FEL
process from random noise on the phases bo(z,) of a
monoenergetic electron beam injected in the undula-
tor, and from an input signal of amplitude A O(z,) .
Using the Fourier transform with respect to the vari-
able 2 � and solving by the Laplace transform tech-
nique, with the specified boundary conditions one ob-
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and A,(&), j = 1, 2, 3, are the solutions of the cubic
equation A3 - (S + W)A2 + 1 = 0 .

In Eq . (2) the prime indicates the derivative with
respect to 2, bo(m) and A,(w) are the Fourier trans-
forms of the initial bunching bo(2,) and the input
signal A,(z1). The emitted field spectrum Ä(z, i5) is
composed by two terms. The term proportional to the
initial bunching of the electron beam, bo(W), describes
the Self-Amplified Spontaneous Emission (SASE)
regime [4], while the second term, proportional to the
initial field A o(W), describes the amplification of a
coherent input signal . The detuning term, S, is mean-
ingful only in the case of an initial input field and it
will be set to zero in the discussion of the SASE
regime, where Â �(W) = 0 . In the high-gain limit, 2 >> 1,
the root of the cubic dispersion relation with negative

imaginary part gives rise to an exponential growing
spectral intensity proportional to exp(211m
The imaginary part of the complex root, I Im A(w) I is
zero for Fi > (27/4) 1 /3 = 1.89 ; it can be approximated
as I Im A = 0/2(1 - X1 2/9) near resonance (w = 0)
and it decreases as 1/ Jw I for large negative values
of W . Studying the behavior of the spectrum near
w = 0, we can write approximately I (; (-5, w)I Z

= 9 exp{v/3 2 - a;2/2&2), where QZ = 9/2

	

2 : hence,
the envelope of the observed spectrum for an undula-
tor longer than one gain length l g shrinks as 1/ vff
along the wiggler .

Transforming back to the time variable 2, of ex-
pression (2), the SASE term of the linear system (1) is :

A(2, zr) = f Z~ d~bo(z, - ~)G(z, 6) ,

	

(4)

i.e ., the solution is the convolution between the initial
condition and the Green function G(2, z,), whose
Fourier transform is given by Eq. (3) . This function can
be evaluated asymptotically, for 0 < 2, < z [9,8], as I G IZ

= (12-rr(y/2)2/3)- 1 e 3f (y/2)Zi3 where y = z (z -
2 1 ), whereas it vanishes for 2, > 2 . The maximum of
this expression occurs at z, = 2/3, where y is maxi-
mum, and its width is proportional to r. This solution
describes a wavepacket moving at a constant velocity
u s = 3v, 1 /(2 + u l /c), with a peak growing as (1/
4 ,rrz) exp(V-3z) and a width proportional to le.

From expression (4) it is possible to demonstrate
the superradiant nature of the spikes growing from the
noise non-uniformities on the bunch . We specialize
bo(z 1 ) for the case of a short (compared to le ) initial
perturbation on the bunch of width d (in units 1e ), of
average value bo . Expression (4) leads to A(z, 2,)=
b,AG(2, z,), hence IA( :-, 2,) I2 a d 2 a p2, that is the
emitted intensity from the short perturbation is super-
radiant [10] . In the case of a more complex structure of
the initial noise, the field will be a superposition of
superradiant spikes.
We consider now the SASE regime, with the

emission starting from the noise term bo(z,) =
N,~ tENA, exp{-iOt (0)}, where 0,0 are the randomly
distributed electron phases at the entrance of the wig-
gler . The average emitted power, in dimensionless
units, is defined as

1 .

	

2
EL(z) dm(1Â1

b °°

=
lb
f~_ dr(Ibo(w)IZ )IG(z w )I 2,

	

( 5)

where 1 . = lb/le is the scaled beam length, the angular
brackets denote the ensemble average, EL = Pave/

PPbeam, where Pave is the average emitted power and

Pbeam = mc2yoIle is the electron beam power .

tains [3,4] :

A(z , w) =bo(w)G(z, w) +Ao(w)G~(z, ), (2)

where the Green function G(2, r) is

G(z, w) -1 Y_
3A 1 ( ~i ) ,- 2(S +co)

(3)
J=1



As discussed previously, the Green function 1612

has a bandwidth Ak = 1/1� whereas the noise power,
proportional to ( I bo 12), is a superposition of random
spikes with a bandwidth t1k a 1/lb over a range of
frequencies equal to the reciprocal of the noise corre-
lation length, which is the radiation wavelength A.

In the high gain long-bunch regime, Ib >> 2,,r1� the
bandwith of the Green function contains many random
spikes, so that we can assume in Eq . (5) (I b�

	

2 )
2plb/NA :

1
EL(z) _

3 4Tr~zNi

where N, = N,,(l,/A) is the number of electrons in a
cooperation length 1, . Expression (6) agrees with the
results derived previously [3,4] for continuous electron
beams. Since bo(z,) can be thought, in the long bunch
case, as a sum of random delta functions and G(z, z 1 )

has a temporal width of the order of 2Tr1� Eq . (4)
states that the temporal structure of the radiation
pulse is a random superposition of many spikes, each
one having a duration 2Trl, . These results are obtained
also from the numerical model, as shown in Figs . lb
and lc .

Conversely, in the short bunch case, lb < 2Trl� only
one spike lies under the gain bandwidth, and we can
assume (I bo 12 ) = lb/NA , leading to

l
ELM =

	

6

	

evz .
3 4Tr _3 zNA

th=se,

	

th=zot~

	

eb=so~
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We note that in this case the noise startup power is
modified by a factor lb/A with respect to the long
bunch case . Since in the short bunch case bo(z 1 ) has a
temporal width comparable to or shorter than the
width of G(z, z t ), it follows from Eq . (4) that a single
superradiant pulse is emitted, as can be observed in
Fig. la .

From Eqs. (6) and (7) it is possible to evaluate the
saturation length . Since, in the long bunch case, the

Fig. 1 . Results of the integration of the numerical model:
temporal structure of the radiated pulse, i A 12 vs. z r , at the
first saturation, for three values of the electron bunch length,
at z=141, and for (Ibo 1 2)=10 -6 : (a) Ib =51, ; (b) lb =201,;
(c) 11,= 501c . The temporal scale is in units of z, = (z -

V1101 1' .
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Fig. 2 . Long bunch case, In = 1001,. Average emitted power as
a function of the dimensionless distance along the wiggler,

z = z/1g, showing the first and second saturation values .

scaled power EL at the usual steady-state saturation
reaches a value close to one, i.e . Pa,, ~pPbeamfor
N�, = 1/p, or, in scaled units, for z = 4rr, from Eq . (6)
we can evaluate the saturation length as z s =
(1/ C) In[12Tr31/4N, ] = 2.25 + (1/V) In N,,. This
estimate is in good agreement with the simulations, as
it will be discussed in the following (see Fig. 2).

In the short bunch limit (l b < 1,), it

	

is possible
to demonstrate [9] that, at saturation, Pave = PPbeam
Ib/1c a ne/2. This can be shown analytically from the

superradiant self-similar solution, previously described,
and by the following intuitive argument : the average
power is given approximately by the product of the
peak power,

	

I A 12 a (lb/1,)2,

	

and the width,

	

Oz, a
(l,/lb)1/2, divided by the scaled bunch length 160 so
that EL =

	

lb/le . From Eq . (7) and imposing that

EL =Pave/ppbeam =

	

lb/lc

	

we
vr3 ) In[NA(l,/lb)t/2] .

In the long bunch case, after the usual steady-state
saturation (EL = 1), the average power continues to
increase (see Fig. 2) due to the growth of the superra-
diant spikes emitted by the electron bunch, up to a
second saturation value. This second saturation value
scales as né/2 , since the peak intensity of the spikes is
proportional to n 2 and their time duration is propor-
tional to 1/ ne [9] .

3. Numerical simulations

have

	

zç = 1.62 + (1/

We have used the 1D time dependent numerical
model previously employed for the study of the super-
radiant dynamics of the free electron laser (see ref.
[111) . In the simulations, the slippage between the
electron bunch and the radiation pulse is properly
taken into account. The electron beam is "sampled" at
each radiation wavelength, where the shot noise in the
electron phases is generated through a simple algo-
rithm. The simulation electrons are first spaced uni-
formly along the radiation wavelength, then their posi-
tion is perturbed by a small random amount, dis-
tributed with a Gaussian probability of width d [7,12] .
The parameter 4 is determined by the requirement on
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Fig. 3. Spectrum of the radiated pulses, for the same cases of
fig . 1 ; here ai = A(o /2pco.

the initial average bunching along the electron beam,
(J b0 12 ). Imposing that ((b012) = 11N, the parameter

A turns out to be A = n/N, , where n is the number
of simulation electrons in each radiation wavelength .
In this way it is possible to obtain a "realistic" shot
noise in the electron phases with a small number of
electrons.
We first consider the long pulse limit. In the time

domain, the noisy pattern of the electron bunching

along the beam leads to a superradiant spiking in the

radiation pulse. The initial irregular spiking, seeded by

nonuniformities on the scale of a radiation wavelength,

cleans up and tends to a more regular pattern, with the

occurrence of one spike every 2rr cooperation lengths.

Hence, due to this "intrinsic" width of the superradi-

ant spiking, even in the case of random noise along the

bunch, no more than one spike can develop every

2 ,rrl,, as shown in Fig. 1 for three different pulse

lengths. The position of the spikes, however, is random

and depends strongly on the initial noise pattern b0(z 1) .

Each spike exhibits the superradiant scaling of inten-

sity as the square density of the electron beam . If the

pulse is shorter than 2rrlc, only one "clean" spike

occurs, as it can be seen in the figure .

For small undulator lengths we have found that the

spectral bandwidth shrinks as 1/N, in agreement with

the undulator radiation spectrum width [13] . In the

high gain region the envelope reaches the well known

bandwidth [3,5] Ak/k = 2p, i .e . Ak = 2kp = 1/l, as
one expects from the Fourier transform of the tempo-
ral structure described above. If l b < 2rrl,,, the spec-
trum is composed by a single line, as shown in Fig. 3.

Only the smooth envelope has been object of most
of the previous theories (see refs . [3,5]), even if a

preliminary work on the frequency spiking for infinitely
long electron bunches can be found in ref. [14] . In
order to model correctly the time structure and spec-

trum of this spiking behavior, it is necessary to take

properly into account not only the slippage between
the radiation and electron pulses, but also the finite
bunch length, which implies the cleaning up of the

pulses .
Furthermore, it is very difficult to observe the struc-

ture of a regular envelope of the radiation spectrum in

a single realization of the noise in the electron phases,
and the previously predicted shrinking of this envelope
as 1/ Vff in a single experimental realization [5], due to
the strong spiking in the frequency domain .

The average emitted power (defined as the average
over the whole radiation pulse) grows exponentially
along the wiggler, up to a saturation value near to the
usual pP,,eam, as it can be seen in Fig. 2. However,
after this first saturation, unlike the previous theories,
the average energy continues to increase up to a sec-
ond saturation value, even for a long bunch. This
behavior can be explained by the superradiant charac-
ter of the spiking starting from noise. In fact, a single
spike slipping over fresh electrons continues to grow
and narrow without trapping the electrons and extract-

ing energy from them with large efficiency . However,
the superradiant spikes generated from noise stop to
grow when they slip over electrons that have already
interacted with a previous spike, that has left them
with a large amount of energy spread .

4. Shot to shot fluctuations

Our numerical analysis allows us to make a numeri-
cal estimate of the influence of the shot to shot fluctua-
tions in the initial electron bunching on the saturation
length for the average emitted power. In particular, we
kept the same average initial value of the bunching on
the initial pulse for a series of simulations performed
with different seeds for the random number generator.
Since the superradiant evolution has a "coherence
length" given by the cooperation length, l, the average
emittedpower EL can be thought of as an average over
Ib/lc statistically independent processes. With this sta-

tistical assumption the fluctuations in the physically

interesting quantities, as the saturation length and the

saturated power, should depend as 1/ l,/lc , i .e . as

the inverse square root of the statistically independent
regions of the electron bunch. A numerical test has

confirmed this dependence and is shown in Fig. 4 for

the fluctuations in the saturation length . Due to this
fact the shot to shot fluctuations can vary from several
gain lengths in the short bunch regime to a fraction of
a gain length in the long bunch regime .

ot
10 100

Fig 4. Shot to shot fluctuations . Fluctuation of the saturation
length as a function of 1 /

	

16/h.



5. Conclusions
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The shot to shot fluctuations in each one of the
statistically independent regions of the electron beam,
in the exponential regime, can be easily interpreted in
terms of the fluctuations in the initial noise power
Po (x I bo 1 2 . Since we have assumed a Gaussian distribu-
tion, the relative fluctuation 8P0/P,, will be approxi-
mately equal to one . From this fact and the exponen-
tial law P(z) = Po exp(3z), it follows that the emitted
power fluctuation 6P/P is of the order of one. Fur-
thermore, 8Po/Po = 1 implies 8zsat = 1, or 8z�t = lg,
i .e . the saturation length fluctuations for each statisti-
cally independent portion of the bunch are of the
order of the gain length .

In this paper we have used a model to describe the
FEL startup process from the random noise in the
particle phases . The main characteristics of the emitted
radiation, both in the time and frequency domain, are
analyzed for the case of short and long (with respect to
the cooperation length) electron bunches. In both cases
the system exhibits a superradiant evolution seeded by
the shot noise nonuniformities of the electron beam .
The normal steady state behavior for long bunches is
shown only by the average emitted power, whereas the
time and frequency structure of the pulses is domi-
nated by a random pattern of superradiant spikes . An
analysis of the shot to shot fluctuations of the output
power and saturation length shows that the fluctua-
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tions tend to be small in the long bunch regime,
whereas they can be huge in the short pulse case,
reaching the same order of magnitude of the average
value of the observable .
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