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WAVEGUIDE EFFECTS IN SUPERRADIANT FREE-ELECTRON LASERS
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A quasi-three-dimensional time-dependent particle simulation has been developed to model slippage effects in a single-pass
microwave free-electron laser. The code is used here to model the large-amplitude "superradiant" signal that can develop in the
slippage region of constant-current beams . Results are presented for single- and multiple-mode cases, and the effects of the
waveguide dimensions, detuning, energy spread and the initial power in the modes are discussed .

1 . Introduction

The effects of photon slippage at the tail of a beam
in a free-electron laser (FEL) have been extensively
studied using analysis [1,2] and one-dimensional (1D)
numerical simulations [3-5]. The most striking finding
in this work is that, under certain conditions, the signal
can develop a spike with a peak amplitude many times
the normal saturation value in the beam body. The
simulations indicate that this spiking is less sensitive to
detuning and energy spread than the usual FEL interac-
tion, and because such signal spikes are shorter than the
slippage during a synchrotron period, they do not
saturate as conventional FEL signals do. Since the
maximum Fignal power in the spikes scales like Ib,
where Ib is the beam current, the phenomenon has been
termed "superradiance" in analogy with conventional
laser terminology [6] .

Although previous theoretical work on superradiance
has made assumptions appropriate for optical FELs, the
first experiments to verify the predictions are planned at
microwave frequencies [7] . One reason for this choice is
that the maximum superradiant signal is obtained when
the beam length L b is comparable with the distance
that photons slip while the beam is in the wiggler [5]. If
the FEL is operated near resonance, this --slippage
length" is given approximately by

Ls = LW/yr,

	

(1)

where LW is the wiggler length and yrmec 2 is the
resonant energy . For electron pulse lengths of about 10
ps, typical of radiofrequency accelerators, and wiggler
lengths in the range of 100 cm, equating LS with Lb
gives -y, ;S 20, and the corresponding signal wavelength

Elsevier Science Publishers B.V . (North-Holland)

is XS> 0.05 cm, which is in the short-wavelength part of
the microwave band . The second reason for operating a
superradiant FEL at microwave frequencies is to
eliminate diffraction losses . Simulations with a version
of the two-dimensional sideband code GINGER [5,8]
indicate that at optical frequencies significant power is
lost by diffraction when the wiggler is substantially
longer than a Rayleigh length .

Operation in a waveguide, which is necessary at
.mcrowave frequencies, introduces several physical fea-
tures that are absent from previous simulations of su-
perradiance . In the Compton regime, the signal vector
potential is well modeled as a superposition of unloaded
waveguide modes with the form
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a,(z, t) is the scalar mode amplitude and
%Psr (z, t) = k,.,z - wt + s5e (z, t) is the wave phase. The
functions q,, and qZ, represent the transverse struc-
tures of the transverse-electric (TE) and transverse-mag-
netic (TM) modes of an unloaded rectangular wave-
guide, given for example in ref. [8] . The parallel wave
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for either TE��, or TM��, modes . Since each mode has
its own axial wave number, there is a spread in the
group velocities

k,,c 2
Vg, = -w

	

,
S

and consequently in the resonant energies . Another
feature absent from a 1D treatment is the axial electric
field associated with TM modes, which provides a new
source of wave-particle coupling.

To determine what effects these new features have
on superradiant emission, we have developed a quasi-
three-dimensional tirr.Ae-dependent particle simulation.
that can model slippage effects in a single-pass micro-
wave FEL. Even though GINGER is able to treat
waveguide TE,,,, modes, it cannot model waveguide
superradiance without substantial modification because
it assumes all modes to have the same axial velocity,
and it neglects the axial electric field of the signal .
Furthermore, running GINGER is costly enough to
prohibit extensive parameter surveys . :the new code is
much faster than GINGER because it represents the
signal as an expansion in waveguide modes that are
coupled to am idealized 1D beam through its transverse
motion in a simple linear wigger, a method introduces:
by Wurtele [9] and refined by Byers and Cohen [10] . We
summarize the numerical model in section 2 of this
paper, and in section 3 we use the code to study
superradiant emission in a waveguide. The differences
between single- and. multiple-mode cases are presented
here in detail, and the effects of the waveguide dimen-
sions, detuning, energy spread and the initial power in
the modes are discussed . A brief concluding section
summarizes the results .

2. Formalism

2.1 . Assumptions and basic equations

The critical assumption in adopting a 1 D beam
model is that the beam emittance is negligibly low .
Specifically, the displacement of any particle from the
beam centroid should be small compared with the wave-
guide dimensions and with the characteristic radius for
changes in the wigger field, kW l , where kW(z) is the
wigger wave number. In this case, betatron motion is
inconsequential, and the wigger vector potential may
be approximated by the idealized linear form

m 2_W
A,, =

	

e aW cos(k w z)ir,

	

(6)

where the dimensionless amplitude aW(z) is the value at
the beam centroid . The remaining assumptions, which
parallel those made by Kroll et al . [11], are normally
satisfied by microwave FELs and greatly simplify the
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equations. The energy of the ith electron, y,mec2 , is
presumed to be high enough that a w/yi << 1, and the
energy spread I yi - (y )o I /<y)o about the initial aver-
age value (y)o is likewise taken to be small, guarantee-
ing that all beam electrons have effectively the same
axial velocity Vb., = c[l - (1 + yaw)/ (y)ô]1/2 . We ne-
glect space charge because we are interested in Comp-
ton--regime operation, and we treat the mode amplitudes
a, as small compared with aW. The amplitudes and
phases 4, of the modes are assumed to va-,y slowly
compared with ksz and wst. Although thii ., d; iumption
is satisfied in normal FEL operation a ~~ allows the
neglect of second derivatives in the fieh) equations, it
clearly fails when Vg, for any mode approaches VbZ. In
effect, requiring that a, and S~, be slowly varying impo-
ses a constraint on the minimum wav Taide dimensions .
Finally, we assume that the waveguide has infinite
conductivity and that the beam centroid is on the
waveguide axis, so that after wiggle averaging (x) ="a
and (y) = -I'b. These two assumptions are inessential,
but they simplify the analysis and eliminate the cou-
pling to modes that have zero amplitude on axis .

Equations for the waveguide modes are obtained by
substituting the assumed signal form eq . (2) into the
Lorentz-gauge field equation
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where Jb is the beam current, given by the sum over
single-particle contributions :

Jb = --eF,VS[x-xi(z)]S[y-yi(z)]
i
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We separate the resulting expression into equations for
the mode amplitudes and phases by exploiting the or.-
thogonality of waveguide modes . The form vector for
the lth mode, given in square brackets in eq . (2), is
dotted into the full equation, and superfluous terms are
removed by integrating over the waveguide cross section
and over a ponderomotive potential well or "bucket" in
the z-direction. After considerable manipulation, we ,
obtain
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Here, vie have introduced the mode impedance Z,,
given by

X (f dx d y [q, t sin i~ sl + ~q-, cos 4sl 1
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for TE modes,

	

(l0a)

for TM modes,

	

(10b)

and the normalizing factor

G,=(1+8.0)(1+Snp),

where 8,, is the Kronecker delta function . The angle
brackets in eq . (9) denote the usual average over elec-
trons in a single bucket.

Because the waveguide modes have different axial
wave numbers, electrons have a different phase relative
to each mode. For the electron dynamic variables., we
choose the scaled energy Y; and the phase relative to
one of the mode.,, which we call the "reference mode".
Normally, the reference mode is chosen to be the TEO ,
mode, but the results are independent of this choice .
Labeling the reference mode as 1= 1, we define the
particle phase as 4; = (k.l + kW)z - ws t i , where t i (z) is
the orbit time as a function of the electron position in
the wigg,ler . The ;lowly varying wave phase 0, is omitted
îrom this definition because it is different for each
waveguide mode . . Equations for y; and 4; are obtained
using a r'amiltonian formalism like that of Kroll et al .
[111 . Applying the assumptions of small a, and slow
variation of the amplitudes and phases, we obtain

dy,
=

	

ws

(

a�, cos(k �,z)

	

~~~
dz

	

__c

	

E9xlal sin `Y slY; l

d ~
- kW 1-kz1 -

q,,lar cos ips, ,

	

(12a)
l

ws
-~1 +a 2 Cos2 (k-z)-2a,, cos(k,z)

2cy`

X E qxlal cos 4,sl I -

	

(12b)

These equations differ from the conventional set prin-
cipally in the replacement of a single-signal amplitude
with a sum over modes and by the appearance of an
axial coupling term in the y; equation .

W.M. Sharp et al. / Waveguide effects in superradiant FELT

2.2 . Wiggle-averaging of equations

To make eqs . (9) and (12) consistent with the as-
sumption of slowly varying mode amplitudes and phases,
we must average both sets of equations in z over a
wiggle period 21T/k, This averaging is done in the
usual manner by substituting the wiggle orbits

x,(z) = ;a+ k
a

W
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s,. In these functions, x ; and t ; occur
in arguments of sinusoids. We expand these expressions
by first using multiple-angle trigonometric identities
and then applying the Bessel series expansions [121
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cos(t sin 0) =,lo(e) + 2 E
JUM cos(2k8),

	

(15a)

00

sin(t sin 0) = 2 E Jet;+1M sin[(2k + 1)0],

	

(15b)

where J~ is a Bessel function of the first kind . The
Bessel-function arguments are found to be proportional
to aw/-ti or aW/y,2 in all cases and therefore small .
Since the small-argument expansion of J,; is

A(

	

) = ki 1 2 1

	

'	(16)
the value drops off rapidly with increasing k, and we
may neglect all but the lowest-order terms in the series .
Somewhat arbitrarily, we choose to retain only the JQ
and J, terms, recognizing that this truncation becomes
inappropriate as y, approaches unity . Terms which
fluctuate over a wiggler period are removed by expan-
ding the products of sinusoids and keeping only terms
with arguments like xp, .

For the field equations of cq. (9), the transverse
integrals in the source terms must be evaluated before
this averaging procedure is carried out. Since the beam
radius is assumed to be small compared with the wave-
gui& dimensions and with kW l , we may approximate
these integrals by

f dx dya(x, y)-Ji,=a(x, v)-di,,

	

(17)

where the overbars label wiggle-averaged quantities . The
final averaged field equations are then found to have
the form
aa, 1 aai
z + 170 ar
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Table 1
Coupling coefficients for waveguide modes
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2.3. Numerical methods
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(18b),

where y; and ~; are the wiggle-averaged particle energy
and phase, and S, --- kZ, - k,l. The coupling coefficients

Dxl and D l, given in table 1 for the six modes with the
largest values of Vgl, are functions of R = cwsaW/
(8ck ,,,,y;2 ) and T�, = meraw,/ (akWY; ), where m is the mode
index in the wiggle plane.

Averaging of the electron equations of eq . (12) over
the wigger wavelength is straightforward and gives the
final equations

(19a)
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The same coupling coefficients Dxl and D l appear here
as in the field equations, as is necessary for conserva-
tion of energy .

It is useful to rewrite eqs. (18) and (19) in terms of
the dimensionless variables u = (z - V,,zt)/Ls and v =
Vb ., (ct - z )/ (cL, ), where Vb.. is the initial axial beam

velocity and LS = L�,(1 - VbZ/c) is the slippage length .
These variables are electron and photon characteristics
in the absence of waveguide effects and the loss or
spread of beam energy, and the normalization to LS is
chosen so that photons moving at c slip by a unit step
in u while traversing the wiggler. In terms of u and v,
the operator in the field equations of eq . (18) is

a
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where

VbZ C - Vgl
EI =

	

Vgl C - Vbz
.

The total z-derivative in the electron equations (19) is
similarly written as

d a 1 a a
dz~az + VbZ Ft - av'

where the axial velocity of each electron is assumed to
remain effectively equal to VbZ .

Rather than solve the field equations for a, and 4,
directly, we rewrite eq. (18) as a pair of equations for
Sâ = a, sin(4, + Slz) and Câ = a, cos(io, + 81z). This
choice of field variables allows us to separate the
mode-dependent quantities 40, and S, from the mode-in-
dependent particle phase ~;, and it avoids evaluation of
sines and cosines of the total phase at each integration
step . Applying the differential operator in eq . (18) to
these quantities and using the equations to eliminate a,
and 01 derivatives, we obtain
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where we have introduced the notation
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The characteristics for these equations are lines that
advance E,/'(1 - E,) in v for a unit step in u, and the
most efficient method for solving the equations is to
difference them along these characteristics, using linear
interpolation to estimate the value at the previous step
in u. This procedure is unconditionally stable, but it
imposes the condition on the grid sizes Du and Ov that
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This constraint is consistent with the neglect of second
derivatives in the field equations because, for Du = Av,
it guarantees that Vg, is not too close to Vb, .

We put the electron equations (19) into a form
suitable for numerical solution by rewriting them in
terms of Sâ and Câ . With the approximation of equa-
tion (22) used to replace d/d z, the Y; equation (19a)
takes the form
aY; w,,Lw
av c

X ~ aW [sin
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Since O; appears only as the argument of sinusoids in
eqs. (23) and (26), we choose to replace eq . (19b) for ~;
by a pair for sin ~; and cos ~;, obtaining finally
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This formulation, which is similar to one originated by
Wong [14], again avoids the usual evaluation of
sinusoidal functions . We linearize eqs. (27) by replacing
all appearances of 4,; in the terms inside square brac-
kets with values at the previous v step, and then eqs.
(26) and (27) are reduced to algebraic equations by
substituting conventional centered differences for the
..1 :CC..
1i111GrG1111Gta
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preserves the identity sin24, ; + cos2~; =1, and energy is
typically found to be conserved to within t0.1ô .

The principal approximation required for efficient
solution of the equations is that particles are tied to the
u grid points . If an electron slips out of its initial
bucket, the phase is reduced or advanced by 2,ff to keep
it in the same bucket . This procedure is clearly invalid
for untrapped particles, but so long as the slippage
remains less than the axial wavelength of signal-field
variations, it should have little effect on the calculated
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f

results. A second convenient approximation used in
evaluating the coupling coefficients Dx, and Al is to
use the initial average energy (y)o rather than y; in the
Bessel-function arguments R and Tm.

3. Simulation results

This simulation code has been used to study the
development of superradiance in a microwave FEL with
nominal parameters similar to those of the ELF experi-
ment [13] in Livermore . Table 2 lists the pertinent beam
and Wiggler parameters . One important difference from
the experimental parameters is the use of a beam length
Lb equal to the slippage length LS, rather than the
much larger experimental value. For a longer beam,
there would simply be a region at the beam front that is
free of slippage effects and therefore of no interest here,
while a shorter beam would not show as large a super-
radiant signal . A second unrealistic feature of the simu-
lation is the specification of a constant current Ib along
the beam length. This choice is not essential, but it
guarantees that the calculated output power is an upper
bound on what might be observed . Previous work at
optical frequencies [S] indicated that a parabolic current
profile in u gives a peak superradiant power in the
range of 200 to 50% of the constant-current value.

The choice of parameters ensures that the FEL oper-
ates in what ref . [4] calls the regime of "strong super-
radiance", in which the peak power in the slippage
region exceeds the saturation value in the beam body .
The two requirements for this mode of operation are
that L b/Ly > 1 and L,/LS « 1, where the "cooper-
ation length"

3 1/3
L - _yr

	

kWrb

	

mec
ks (	a,,

	

~
2/3

( 2elb

is roughly the slippage during a gain length. When the
FEL is operated near resonance, the output power at
the end of the Wiggler typically resembles the cases
shown in fig. 1 . Although both cases shown use the

Table 2
Nominal ELF-like parameters
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(28)
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Beam current 1, 8w A
Beam radius rb 0.3 cm
Beam length L,, 26 .6 cm
TEo, resonant energy Yr 6.8
Wiggler strength a,, 3.52
Wiggler wavelength 21r/k W 9.8 cm
Wiggler length LW 300 cm
Waveguide width a 10 cm
Waveguide height b 3 cm
Signal frequency 21w/w, 0.868 cm
Input power P;� SQ kW



nominal

	

F parameters, they differ in that a TMO,
e only is used in fig. la, whereas the TEoI , TE21

d TM21 modes are used in fig . lb. In the three-mode
case,

	

e TE,1 and TM21 modes each initially have 1%
of the power in the TEO, mode, simulating the spectrum
that might be found in an experiment. Higher-order

es violate the condition eq . (25) and are ignored. In
these cases, the beam is initially _monoenergetic, and
electrons are spread randomly in ~P ; between - it and
+-n but paired so that (sin ~l ) and (cos ~; ) are both
zero. The beam current is nonzero in the range u :5; 1,
and the signal seen in fig. 1 for u > 1 is the radiation
that has slipped ahead of the beam. This escaping
radiation retraces the signal development in the first
slice, beginning with exponential growth at the front,
coming to saturation, and then fluctuating due to the
synchrotron motion of the trapped electrons. The slip-
page region for the TEO, mode is the section with
u :s 0.8, leaving a short section near the beam head that
is unaffected by slippage. The signal amplitude is inde-
pendent of u in this "steady-state" region, whereas in
the slippage region the signal is dominated by the
large-amplitude and relatively short superradiant peak.
The output power for FELs that are significantly de-
tuned is qualitatively similar to those in fig . 1, except
that the signal in the steady-state region and in front of
the beam is small or zero. As in the previous optical-
frequency simulations [5], the maximum power of the
superradiant peak, Pma, is found to scale like Ib for a
single-waveguide mode, and the peak grows in ampli-
tude like z 2 while the width decreases like Pm~a -
-1/2. After the superradiant peak, the signal is prim-

arily low-level noise because the beam electrons are
widely spread in y; and cannot generate any coherent
signal. The two principle differences from the optical
cases reported in ref. [5] are the shorter slippage length,
resulting from the reduced mode velocity, and the sig-
nificantly lower peak power, a consequence primarily of

P(MW)

S00

FT(a)
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having a larger ratio L,,/LS in this case and to a lesser
extent of having a smaller slippage velocity. The multi-
ple-code case in fig. lb shows several effects of mode
competition. Since the modes have different amplitudes
and phases, superimposing them in the beam body leads
to a larger number of "synchrotron-like" oscillations
that in the single-mode case. These peaks are not in fact
synchrotron oscillations in any strict sense but rather
result from the more complicated electron orbits in ~; .
In the slippage region, the single superradiant pulse is
replaced by a superposition primarily of TEO, and TM21
modes, and these occur at different u-values because the
modes have different group velocities .

The competition of waveguide modes for these two
cases is seen more clearly by comparing figs. 2 and 3 .
These figures show the power and phase of the modes in
a beam slice at u = 0.5 as functions of z. In the single-
mode case of fig. 2, we see the usual growth and
saturation of the TEO, mode, followed at z/L,, = 0.8 by
a small rise as the superradiant peak reaches the slice .
The phase -0, in this case increases with a nearly con-
stant slope, and there is some increase in the slope
associated with the superradiant signal. The multiple-
mode case in fig. 3 is more complicated. Even though
the TE21 and TM21 modes initially have much less
power than the TEO, mode, the resonant energies of all
three modes differ by only 2.5%, so they are all effec-
tively in resonance and grow to comparable amplitudes
at saturation . It is evident that the second peak in the
total-power curve results from the T_M21 mode, and the
field from this mode alters they;- ; orbits enough to
change the period and form of the TEO, power fluctua-
tion. The superradiant peak consists first of TEO , and
then principally of TM,, mode power, making the peak
longer in duration and somewhat greater in magnitude .
This larger superradiant power in the multiple-mode
cases increases the output efficiency from about 3% for
the case with TEO, only to above 7% for the three-mode

P(MW)

Fig. 1 . Typical output power profiles for (a) a TEO, case and (b) a multiple-mode case with TEoI , TE21 and TM21 modes for a beamwith a length Lb equal to the slippage length L S and much longer than the "cooperation length" Lc . In this case, ELF parameters areused and initial detuning is zero, so that there is an appreciable conventional FEL signal ahead of the slippage region . The axial
variable is u = (z - Vbt)/Ls .
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case. The phase change for the three modes is noticea-
bly more erratic than in the single-mode case, indicating
some interaction between the modes . For this case, the
wave phases are taken to be the same at z = 0. This
choice is arbitrary, but so long as a single mode is
initially dominant, the relative initial phase of the modes
makes only about a 2% difference in the peak super-
radiant power. The relative phase becomes important
when competitive modes have comparable initial powers,
and in such cases an ensemble average over four or
more equally spaced values should be used .

Another way to look at the effects of mode coupling
is to compare detuning curves for single and multiple
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Fig. 2 . Power (a) and phase (b) as functions of z in a beam slice at u = 0.5 for a signal artificially consisting of the TEO, mode alone.
The nominal ELF parameters are used, and there is no detuning .

modes. In fig . 4, the peak output power for cases with
TEl, TEN and TM21 modes run separately are plotted
as functions of the initial energy yo of the unbunched
and monoenergetic beam . As in the multiple-mode cases
of figs . lb and 3, the initial power in the TE21 and
TM 21 mode cases was 1% of the value for the TEO, case,
but P... values at the end of the wiggler are found to
be effectively independent of this choice . The detuning
curves for the TEO, and TM21 modes show the general
features found at optical frequencies in ref. [5] . Outside
the yo range where a significant FEL signal is generated
by the usual mechanism, the peak superradiant power is
relatively constant, decreasing somewhat with higher y®
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Fig. 3 . Power (a) and phase (b) as functions of z in a beam slice at u = 0.5 for a signal consisting of the TEoI , TEN and TM21 modes .
The nominal ELF parameters are used, and there is no detuning.
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due to the u,Nly; factor in the transverse source term in
eq . (18) . The smallest output occurs near the resonant
energy, probably reflecting the energy spread intro-
duced by the conventional FEL mechanism, and the
maximum signal occurs just above the energy where the
FEL interaction cuts off. The peak power for the TE21
mode is significantly weaker than for the other two
modes, and in fact for Yo in the range 6.8-7.3 the power
at saturation in the steady-state region exceeds the peak
superradiant power . The TE 21 power is systematically
less than that of the TM 21 mode primarily because the
mode lacks the longitudinal electric field of TM modes .
If this longitudinal field is artificially turned off, the
TE, 1 and TM 21 detuning curves are quite similar . When
the three modes are run simultaneously, using the same
initial-mode powers as in fig. 4, the detuning curve in
fig. 5 is obtained . One sees a similar general form as
found for the TE o1 alone, but some of the details
indicate the effects of mode competition . The dip in
Pmax due to the conventional signal is broader in the
coupled runs than for the individual modes, suggesting
that superradiance is suppressed whenever any conven-
tional FEL mode is in resonance. Some reduction of the
power of the individual modes is evident in the fact that
the total Pmax for the coupled modes is less than the
sum of the mode powers when run individually. Finally,
the sensitivity to statistical noise, indicated by the size
of fluctuations as yo is changed, is clearly higher for the
coupled cases . The reason for this sensitivity is that the
output power results from the interaction of different
modes, each one of which has an error proportional to
NNl '`, where N, is the number of simulation particles .
These errors are effectively uncorrelated because the
bucket phases of the modes are independent, so when
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Fig. 4. Peak output power as a function of the initial energy for
three cases in which the TE,� , TE21 and TM,1 modes are run
independently . The beams are initially monoenergetic in these

cases, and the nominal ELF parameters are used .
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Fig. 5. Peak output power as a function of the initial energy for
a case in which the TEo1 , TE21 and TM21 modes are run
simultaneously . The beam is initially monoenergetic, and the

nominal ELFparameters are used.

there are two dominant modes we expect the peak
fluctuations in the coupled-mode cases to be roughly
twice the value for the single-mode runs .

The growth of superradiant pulses at microwave
frequencies is found to be much less sensitive to initial
energy spreads than a~ iptical frequencies . The plots of
Pmax in fig . 6 show the effect of energy spread for three
values of the average initial energy (Y)o . In each of
these cases, particles were loaded with y; selected ran-
domly in the range (y)o ± 1 8y, and the initial phases
were again chosen to be random . From the curves, it is
apparent that the peak superradiant power at these

P(MW)

103

2 x10 2

,TE()I + TE21 +TM 21

1
0 0.2 0.4 0.6

Ay

Fig. 6. Peak output power as a function of energy spread for
beams with different initial average energies . In these cases
nominal ELF parameters are used, and the signal consist- of

the TE,1 , TE2 , and TM 2, modes.
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b(cm)

Waveguide effects in superradiant FELS

Fig . 7 . Peak output power as a function of the waveguide
height b for a beam with the nominal ELF parameters.

frequencies shows little systematic decrease for up to
about 10% energy spread, and Pmax for the two detuned
cases remains effectively constant up to a 20% spread.
For comparison, the growth rate for the conventional
FEL interaction --it these parameters drops to zero when

BY/ (Y)o > 8%.
The peak superradiant power is also found to be

weakly affected by the waveguide dimensions . For the
nominal ELF parameters, Pmax is found to vary by only
about a factor of 2 as the waveguide height b is in-
creased from about 2 to 6 cm . The plot of the calculated
values in fig. 7 shows that for b ::5 1 .8 cm all modes
violate the group-velocity constraint eq. (25), so that

prnax equals the input power . For larger values of b we
first have the superradiant signal from the TEO , mode,
and above b = 4 cm three modes contribute to Pmax-

The pear power shows a similar weak dependence on
the waveguide width a . These small variations in Pmax
as the waveguide cross section is varied reflect the weak
dependence on a and b of the mode-coupling coeffi-
cients. Of course, the maximum output power density
decreases roughly like (ab )- t as a consequence of this
nearly constant peak power.

The principal observation about microwave super-
radiant FELs is that they behave qualitatively like the
1D optical-frequency cases studied previously [4,51 . In
the regime of strong superradiance, the output signal
develops a peak at the front of the slippage region that
grows without saturating so long as the slippage length
L, is less than the beam length L h . As found previ-
ously, the peak amplitude scales like Ih, compared with
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1,4, 3 for the usual FEL interaction, and the superradiant
signal occurs over a much wider range of beam energies,
indicating that the mechanism is nonresonant . In fact,
the minimum superradiant power occurs in the energy
range where there is a substantial conventional FEL
signal . The microwave superradiant signal is found to
be even less sensitive to beam-energy spread than at
optical frequencies, and it is effectively independent of
the initial signal power . These findings are perhaps
more credible than those from the previous 1D calcula-
tions because diffraction, which was previously ignored,
is not an issue in the microwave cases .

Waveguide operation introduces certain new features
in superradiant FELs. The slippage length is reduced in
a waveguide because the mode group velocities are less
than c, reducing the power gain somewhat, and the
spread in mode velocities lengthens the superradiant
peak . Comparing results for single-mode operation with
more realistic mult ple-mode cases, we find that mode
competition reduces the power for individual modes,
but the total power is greater than in the single-mode
cases . Since the waveguide modes are in general out of
phase, the output power shows fluctuations over a
shorter length scale than single-mode cases, and the
peak output power varies more with small changes in
the initial beam energy . In the multiple-mode simula-
tions it is found that the axial electric field of the TM
modes substantially enhances wave-beam coupling, so
that the peak TM-,, mode power is typically several
times that of the TE.,, mode . Finally, the waveguide
dimensions are found to have only a weak effect on the
output power of either the conventional FEL signal or
the superradiant signal .
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