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e self-amplified spontaneous emission (SASE) of a
harmonic radiation field in a high-gain fre -electron
laser (FEL) is a well-known phenomenon, bo?n theoreti
cally predicted (see refs. [1,2]) and experimentally ob-
served in the ELF experiment in Livermore [3].

In the simulations and in the experiments there is the
evidence of a nonpurely exponential growth of the
harmonic radiation . This behavior cannot be explained
by the usual linearization of the FEL equations (see ref.
[1]), which leads to a set of decoupled. equations for the
harmonic components of the radiation field. In particu-
lar, the growth rate of the harmonics predicted by the
decoupled model is always smaller than the one in the
fundamental (see ref. [1]). We present here a simple
analytical model for the coupling between the funda-
mental and its third harmonic, via the strong second-
harmonic bunching parameter induced by the exponen-
tial growth of the fundamental field. In this analysis we
find that the usual cubic equation for the third harmonic
has a driving term, due to the coupling with the funda-
mental. As a consequence, this inhomogeneous term
gives rise to a growth rate three times larger than that of
the fundamental.
A one-dimensional numerical analysis confirms these

results, and shows that each harmonic bunching param-
eter exhibits a similar behavior and the saturation val-
ues are of the same order of magnitude, i.e. of the order
of unity . This is intuitively explained : the strong bunch-
ing occurring during the SASE regime can be approxi-
mated by a delta-function electron phase distribution,
which has a flat spectral composition, leading to equal
bunching parameters on each harmonic component . A
strong bunching, combined with the resonant condition,
leads to a strong burst of coherent spontaneous emis-
sion. This is the physical basis for the method of pro-
during XUV radiation by resonant-frequency tripling in
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tion field, averaged over many wavelengths.gths. using the
dimensionless units of ref. [2], read:

where j runs over the electron and
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components of the field . Fh is the difference of
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equations describe the linear regime of the two
coupled wavelengths system. In ref. [11 a similar analy-
sis held a system of decoupl

	

equations for the
harmonics, which cannot describe the physical situation
in which the high-order harmonics experience gain
without any harmonic initial field, with an unbunched
beam. From eqs. () and (6) we have the usual asymp-
totic exponential growth for the fundamental field Al,
namely Aa =A®ex iXli), where A® is a complex con-
stant and A1 = F2®3(1/2 -iv/2). HenceA1 is propor-
tional to ex F2®3Fz/2). Given this expression of Al,
we can evaluate a similar expression for bl. Inserting
these functions in eq. (7) for b2 , we can evaluate the
source term of

	

. (8) for b3 .
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e LHS of eq. (9) gives the usual cubic
tion for b3 (and hence for A3), in

limit. In fact, neglecting the term appearing in the RHS
(we can do

	

° only if 1:

	

1, i.e. in the low-gain case)
and looking for exponential solutions of

	

eform b3 4x
ex ik 3i), we Obtain the equation A3 + 3F3 _ , which
ves the asymptotic solution b3 proportional to

exp( F2"3

	

1/2), i.e. with a growth rate smaller than
the fundamental, since I F3 I < IFy 0 . But, in the high-

' cam, considering the inhomogeneous term for
(9), the asymptotic solution for the bunching (and hence
for the harmonic field) is proportional to e

	

3iA gz).
From this result it follows that At diverges, in the linear
regime, as ex

	

3F2/3jF3 1/2), i.e. it has a growth rate
three times larger than the one for the fundamental
wavelength. More generally, the solution for the third-
harmonic bunching (and for the third-harmonic field
amplitude), is a linear combination of twoex

	

nentials,
one given by the deeoupled linear analysis, with a
growth rate proportional to A3 (which is smaller than
the one for the fundamental, A,), the other, driven by
the exponential instability of the fundamental wave-
length, with agrowth rate of Al. In rig. 3 we show both
the terms b3 and bi in a logarithmic plot as functions of
the dimensionless distance along the wider, 1. A defi-
nite proportionality in the exponential growth regime is
seen, confirming our asymptotic analytical results. This
is even more clearly seen in fig. 4, where we plot
log I b3I as a function of log I bt I . We can clearly see in
this plot a linear-type dependence, with a slope of about
3, due to the proportionality between I b3 l and I bt 1 3.

With a simple analytical model, we have described
the mechanism of coupled-harmonic coherent sponta
neous emission in a high-gain FEL. The exponential
instability experienced by the fundamental wavelength
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